Models for viscothermal effects in catalytic converter substrates are developed for time domain computational methods. The models are suitable for use in one-dimensional approaches for the prediction of exhaust system performance ͑engine tuning characteristics͒ and radiated sound levels. Starting with the "low reduced frequency" equations for viscothermal acoustic propagation in capillary tubes, time domain submodels are developed for the frequency-dependent wall friction, frequency-dependent wall heat transfer, and porous wall effects exhibited by catalytic converter substrates. Results from a time domain computational approach employing these submodels are compared to available analytical solutions for the low reduced frequency equations. The computational results are shown to agree well with the analytical solutions for capillary geometries representative of automotive catalytic converter substrates.
I. INTRODUCTION
Catalytic converters ͑CCs͒ are a necessary component for reducing pollutant emissions of spark-ignited automotive engines. Significant effort goes into the design and placement strategy of the CC to ensure fast light off, adequate pollutant conversion, and long life of the substrate. While the functional purpose of the CC is to reduce emissions, its presence inevitably affects the breathing characteristics of the exhaust system. A well-known consequence of CCs is an increase in backpressure that increases pumping losses and reduces peak power. In addition to the backpressure increase, which is largely related to the steady flow behavior of the CC, the unsteady flow characteristics of the CC can also be important. The reflection and dissipation of pressure waves by the CC contribute to radiated sound as well as the wave dynamics and tuning characteristics of the exhaust system. The importance of the wave dynamics of the CC has increased with the use of variable valve timing ͑VVT͒ and close-coupled catalytic converters. Variable valve timing allows engine designers to take greater advantage of exhaust system tuning ͑which can adversely affect idle and lowspeed behavior without VVT͒. This, and the use of closecoupled ͑or light-off͒ CCs that are located close to the exhaust port mean that the CC can significantly influence engine performance by affecting the tuning characteristics of the exhaust system.
Since the CCs can influence the flow performance, tuning characteristics, and acoustic behavior of an exhaust system, representative CC models should be included in predictive tools for engine performance ͑wave dynamics͒ and radiated sound levels. The most commonly used predictive tools that are capable of predicting both engine performance and radiated sound levels are one-dimensional time domain approaches. For these models, the wave dynamics and acoustics at low to moderate frequencies ͑up to about 1500 Hz͒ are of primary interest. Also, since model complexity increases computational costs, and optimization studies typically require a large number of simulations, it is desirable to eliminate as many details as possible ͑chemical kinetics, for example͒. The goal is thus to employ the simplest model that can adequately describe the unsteady flow characteristics of the CC.
A typical CC uses a ceramic catalyst substrate monolith that has from 300 to 900 cells/ in. 2 , with each cell representing a parallel tube, or capillary path, for fluid flow ͑Fig. 1͒. Though a variety of cell cross sections are possible, square cells are common. The ceramic substrate is covered with a washcoat, upon which the catalytically active metals reside. To allow the flow to more effectively use the substrate crosssectional area, and also reduce flow losses, the outer housing has transition sections at each end of the monolith ͑upstream diffuser and downstream reducer͒. The substrate is mounted in its housing with a swelling mat or wire mesh around its periphery to provide holding pressure. If a wire mesh is used, a parallel acoustic path may exist around the substrate ͑de-pending on the density of the mesh͒. For CCs with a swelling mat, however, a previous study suggests that for the frequencies of interest, the mat may reasonably be considered as rigid and impermeable. 1 In this case, the acoustic behavior of
The substrate in a CC assembly may be analyzed through a linear frequency domain analysis of laminar compressible flow in a bundle of narrow tubes or capillaries. Early works by Kirchhoff 2 and Rayleigh 3 considered the propagation of sound waves in cylindrical tubes with zero mean flow. Numerous subsequent workers have developed approximate analytical and numerical solutions for the same fundamental equations ͑see, for example, the summaries by Tijdeman 4 and Beltman 5 ͒. More recently, the interest in practical applications of CCs and thermoacoustic devices has led to works considering more realistic ͑and complex͒ conditions with mean flow, axial temperature gradients, and porosity of the cell walls in the substrate. [6] [7] [8] [9] [10] [11] These studies have shown that viscothermal effects decrease the speed of propagation of a pressure disturbance ͑phase speed͒ and increase the amount that the disturbance is attenuated as it propagates ͑attenuation rate͒. Moreover, the phase speed and attenuation rate are frequency dependent, so the different frequency components of a complex, multifrequency wave will propagate and decay at different rates.
While a number of frequency-domain approaches are available, relatively little work has been done on time domain approaches suitable for one-dimensional engine simulation models. One reasonably simple approach is to employ a frequency-dependent wall friction model. This approach is common in the analysis of pressure pulsations in liquid-filled pipes. Trikha 12 has presented an approach that efficiently applies the frequency-dependent friction term from the earlier analytical work of Zielke. 13 Other approaches have been presented as well, though none appears to be clearly superior for the frequency range and flow conditions of interest in this study. 14, 15 Since the approaches used in waterhammer studies are based on incompressible flow, the viscous boundary layer is accounted for, but the thermal boundary layer is neglected. In addition, the work of Arnott et al. 6 indicates that small pores in the ceramic substrate material ͑porous walls of the capillaries͒ may be important.
The objective of this study is to develop improved methods to model the acoustics and wave dynamics of CCs with one-dimensional time domain engine simulation tools. The linear "low reduced frequency" equations for capillary acoustics are employed to develop submodels for the frequency-dependent viscothermal and porous wall effects that are suitable for inclusion in a time domain computational model. The current viscothermal submodels are developed for capillaries of circular cross section, though the general approach may be applied to noncircular capillaries. Results from the time domain computational model are obtained for small-amplitude wave propagation in circular capillaries with zero mean flow. The computational results are compared to available analytical solutions of the low reduced frequency equations for capillaries with circular and square cross sections.
II. ACOUSTIC PROPAGATION IN A CAPILLARY TUBE
In the following, equations will be presented for acoustic propagation in capillaries of constant cross section. The basic assumptions applied are that perturbations to the flow are small in comparison with the mean, and there is no mean flow in the system. For the capillary sizes and frequencies of interest, the fundamental equations simplify to the low reduced frequency equations. 4 To investigate the accuracy of the time domain submodels, and to illustrate the relative importance of the factors contributing to the acoustic behavior of CCs, the computational results will be compared to analytical solutions for both circular and rectangular capillary cross sections under the following conditions: ͑1͒ nonporous adiabatic walls, ͑2͒ nonporous isothermal walls, and ͑3͒ porous isothermal walls. The analytical solutions for the low reduced frequency equations considering each of these factors ͑or combinations thereof͒ are available in existing works. [2] [3] [4] [5] [6] [7] 16, 17 For convenience, and consistency of notation, solutions for the conditions of interest are presented here without derivation.
A. The low reduced frequency equations
For the propagation of small disturbances, the linearized forms of the continuity, momentum ͑Navier-Stokes͒, and energy equations apply. With zero mean flow, and using the ideal gas equation of state to couple the thermodynamic variables, the linearized equations may be expressed as 2,3
where is density, V is velocity, P is pressure, T is temperature, is absolute viscosity, c p is specific heat at constant pressure, T is thermal conductivity, R 0 is the gas constant, and a variable subscripted 0 denotes a mean or reference value. For the density and temperature, the subscript t is used to indicate a "total" value ͑mean plus acoustic perturbation͒. Equations ͑1͒-͑4͒ have been solved for small harmonic perturbations in circular capillaries by Kirchhoff.
2 For a particular fluid and capillary geometry, the viscothermal wave propagation may be obtained in terms of the reduced frequency k = R / c 0 and a dimensionless shear wave number s = R ͱ / , where =2f is the angular frequency, f is the frequency, R is the capillary radius ͑or transverse length scale͒ and = / 0 is the kinematic viscosity. While the full Kirchhoff solution results in a transcendental equation which must be solved numerically, analytical solutions are available for certain limiting cases of practical interest.
2-4, 16 For the conditions in the channels of a catalytic converter substrate, it can be assumed that k Ӷ 1 and k / s Ӷ 1, and the expressions simplify to the low reduced frequency equations initially presented by Zwikker and Kosten 18 and subsequently used in a number of analyses ͑for more complete discussions of the low reduced frequency equations see, for example, the works of Tijdeman, 4 Stinson, 17 Arnott et al., 6 and Beltman 5 ͒. Noting that the geometry and physics of the problem suggest separate length scales, the vector variables and operations for the axial and cross directions are treated separately. The acoustic variables are introduced as perturbations from the mean using
where u is the axial, or x-direction velocity and the subscript c denotes directions in the plane of the tube cross section. Equations ͑1͒-͑4͒ can then be simplified and rearranged to yield the low reduced frequency equations as 6, 7, 17 ͑see Appendix A for details of the coordinate systems and vector operations͒.
From Eq. ͑7͒, it can be seen that the pressure is constant over the capillary cross section. The other acoustic variables may vary over the cross section ͑depending on the wall boundary conditions͒, but are readily formulated in terms of areaaveraged mean values for consistency with plane wave analyses.
B. Analytical harmonic solution
With the assumption of harmonic ͑e it ͒ time dependence in Eqs. ͑6͒-͑9͒, the low reduced frequency equations for mass, axial momentum and energy conservation may be expressed as
The solution of Eqs. ͑11͒-͑13͒ for various geometries and wall boundary conditions has been discussed in previous works and will not be elaborated fully here. Additional details and summaries of previous works are available in the literature.
4-7,17
The pressure and mean velocity ͑u m ͒ solutions for the low reduced frequency equations can be expressed as
where
is the propagation constant, C denotes an amplitude constant, the subscripts + and Ϫ represent disturbances moving in the positive and negative directions, respectively, k 0 = / c 0 is the acoustic wave number, ␥ is the ratio of specific heats, = ͱ c p / T is the square root of the Prandtl number, P is the capillary perimeter, A c is the capillary cross-sectional area, and Z w = p / 0 c 0 v c,wall · n wall is the normalized wall impedance of the capillary walls. The functions F͑s͒ and G͑s͒ result from the variation of velocity and temperature over a capillary cross section, respectively. Therefore, they depend on the cross-sectional capillary geometry and the velocity and temperature boundary conditions imposed at the capillary wall. Combination of Eqs. ͑14͒ and ͑15͒ allows a normalized characteristic impedance of the capillary to be computed as
The solution given by Eqs. ͑14͒-͑16͒ depends on fluid properties, capillary geometry, wall boundary conditions, and the capillary wall impedance. The present study considers analytical solutions for air at atmospheric conditions in capillaries with circular and square cross section. The wall boundary condition for the axial velocity is given by the no-slip condition. For the temperature boundary condition, the gas temperature can be assumed equal to the wall temperature ͑isothermal walls͒, since the heat capacity of the gas is much less than that of the substrate material. While the assumption of isothermal walls is typically appropriate, adiabatic ͑insulated͒ walls are also considered to investigate the relative importance of wall heat transfer. The impedance of porous capillary walls is specified following the work of Arnott et al. 6 where the individual pores in the substrate walls are treated as small, rigidly terminated capillaries having av-erage pore radius R w and length l w . For wall porosity ͑open area ratio͒ ⍀ w , the impedance of the wall pores can be approximated as
represents a limiting case of viscothermal propagation for small k, s, and l w , and corresponds to isothermal compression of a lumped volume of fluid in each wall pore. Solutions for the functions F͑s͒ and G͑s͒ for circular and rectangular cross sections are summarized in Table I where, for the rectangular cross section, is the aspect ratio of the capillary, ␣ m = ͑2m +1͒ / 2, and ␤ n = ͑2n +1͒ /2. With the additional specification of wall impedance, the expressions in Table I allow the capillary propagation constant and characteristic impedance to be determined from Eqs. ͑16͒ and ͑17͒, respectively.
III. TIME DOMAIN COMPUTATIONS
The time domain computational techniques of interest in this study are based on the nonlinear equations for onedimensional flow in ducts of variable cross section. Since the present study investigates model accuracy by comparing to linear analytical solutions, the nonlinear terms could be omitted here without consequence. However, the model is expected to be useful in engine simulation studies where these terms are not negligible, so the full forms of the equations are retained. The balance equations for mass, momentum, and energy may be expressed, respectively, as
where U is the velocity, w is the wall shear stress, P is the perimeter, e is the internal energy, q is the wall heat transfer rate, and the subscript p denotes wall perforations ͑typically employed with respect to perforated tube silencers͒. The ideal gas equation of state,
is used to relate the thermodynamic variables and close the system of equations. Note that since the fluid motion is assumed to be one-dimensional, all flow variables in Eqs. ͑19͒-͑22͒ represent mean values over a cross section. Typically, the wall shear stress and heat transfer are obtained from steady flow relationships. For laminar flow, the steady wall shear and heat transfer may be calculated as
Since these relationships are based on steady flow, they will only apply in the limit as frequency approaches zero. In the following, expressions will be developed to implement frequency-dependent wall friction and heat transfer in the one-dimensional treatment. The approach is analogous to the method used by Zielke, 13 who analyzed oscillating incompressible flow in a conduit to obtain a frequency-dependent friction relationship for waterhammer analyses. In the present study, the low reduced frequency equations are employed to develop expressions for frequency-dependent wall shear and heat transfer. The study considers cylindrical capillaries only, although the basic approach can be applied to other geometries as well. After the expressions are developed, an approximation technique presented by Trikha 12 is employed to reduce computational requirements.
In addition to frequency-dependent wall shear and heat transfer, an approach is developed to account for the effects of wall porosity. While a direct method could be used to seek modified versions of the conservation equations for porous walls, this might require substantial modifications to an existing code or numerical scheme. However, as indicated by Eqs. ͑19͒-͑21͒, most engine simulation codes already include a structure to account for the porous walls of perforated tube silencers. 19, 20 To take advantage of this fact, an approach is developed that allows porous wall substrates to be modeled with slight modifications to the typical treatment of an analogous perforated tube silencer.
A. Frequency-dependent wall friction
For a cylindrical capillary, the low reduced frequency momentum equation ͓Eq. ͑8͔͒ can be expressed as
With the assumption that the fluid is initially at rest, taking the Laplace transform of Eq. ͑25͒ gives 
͑27͒
Integrating Eq. ͑27͒ over the cross section of the tube allows the transform of the mean duct velocity to be determined as
͑28͒
The transform of the wall shear stress is then
͑29͒
From Eqs. ͑28͒ and ͑29͒, the wall shear stress can be determined from the mean velocity as
Since Eq. ͑30͒ does not approach zero as w approaches infinity, the expression is unsuitable for inversion. This difficulty may be avoided by expressing w in terms of the transform of the acceleration ͑rate of change of the mean velocity͒. The acceleration is given by
and the transform of the wall shear stress can be expressed as
The inverse transformation of Eq. ͑32͒ gives ͑see Ref.
13͒ Inspection of Eq. ͑33͒ shows that the instantaneous wall shear stress is equal to the steady state value plus a term that is dependent on the past history of the velocity changes. This equation is suitable for inclusion in a time domain modeling approach. However, the form of the integral in Eq. ͑33͒ would require storage of and computations on a large number of time intervals in the past. To reduce the computational effort, an approximate approach is used that greatly reduces the required storage and number of calculations. The frequency-dependent wall shear is approximated using the approach of Trikha. 12 The basis of the method is to approximate WЈ͑t͒ with a curve-fit expression as
where the functions W i Ј͑t͒ are specified as
where a i and b i are constants determined in the curve fit of W app Ј ͑t͒ to Eqs. ͑34͒ and ͑35͒. With the introduction of
where W i ͑t͒ = W i Ј͑t͒, Eq. ͑33͒ can be expressed as
͑39͒
For a small computational time step ⌬t, the approximation of WЈ͑t͒ by a summation of exponential functions allows y i ͑t + ⌬t͒ to be determined from y i ͑t͒ as ͑see Appendix B͒
Equation ͑40͒ provides a relationship between y i ͑t + ⌬t͒ and y i ͑t͒ which, combined with Eq. ͑39͒, is suitable for use in a time domain computational scheme. Note that the number of additional variables that need to be stored at each computational cell is equal to N, the number of terms in the curve fit of Eq. ͑36͒. Moreover, relatively simple expressions for the y i values have replaced time-consuming numerical integrations of stored values.
B. Frequency-dependent wall heat transfer
Development of the time domain approach for frequency-dependent wall heat transfer is similar to the approach for frequency-dependent wall shear stress. Note that the adiabatic wall boundary condition is equivalent to simply setting q w = 0, so only the case of isothermal walls requires consideration.
The low reduced frequency energy equation for a cylindrical capillary may be expressed as
Taking the Laplace transform of Eq. ͑41͒ and solving for isothermal wall boundary conditions yields
and the mean duct temperature is
͑43͒
The wall heat transfer can then be related to the rate of change of the mean temperature as
͑44͒
The inverse transformation of Eq. ͑44͒ gives
where W͑t͒ is the same function given by Eqs. ͑34͒ and ͑35͒ but with the the dimensionless time variable now given by t= T t / 0 c p R 2 . The approximate approach to numerically integrate Eq. ͑45͒ is identical to that for the wall shear stress.
C. Wall porosity
The porous wall effects are incorporated in a manner similar to a common approach for the treatment of perforated tube silencers. As depicted in Fig. 2 , the substrate is represented by two ducts that communicate through a perforated interface. The main duct represents the open area of the capillary channels, while the smaller secondary duct represents the open area of the porous walls. The computational treatment of the main duct is identical to that of a perforated tube silencer ͑with the additional inclusion of frequencydependent wall shear and heat transfer͒. Simple modifications are made to the secondary duct treatment which, for the frequency range of interest, yields a wall impedance equivalent to Eq. ͑18͒.
In the computational approach, all wall pores in a computational cell of length ⌬x are treated as a single lumped volume ͑see Fig. 2͒ . The cross-sectional area of the secondary duct is determined from the total pore volume as
where N c is the total number of capillaries in the substrate, A s is the cross-sectional area of the secondary duct, and ⌬x is the computational cell size. Since each wall pore is assumed to be isolated, there is no axial fluid motion in the substrate and the the momentum equation for the secondary duct is simply replaced with
Axial conduction is neglected in Eqs. ͑19͒-͑21͒, so the effect of Eq. ͑47͒ is to completely eliminate axial mass and energy transfer in the secondary duct. Inspection of Eq. ͑18͒ reveals that the wall impedance is purely capacitive and corresponds to isothermal compression of the fluid in the wall pores. The energy equation for the secondary duct is therefore replaced with ‫ץ‬e ‫ץ‬t = 0. ͑48͒ Consistent with the approach for perforated tube silencers, communication between the main and secondary ducts is treated using an "interface" momentum equation given by 20, 21 t l eq dU p dt
where, for a perforated interface, l eq is an "equivalent length," R is the resistance, and the subscripts i and 0 denote the main and secondary duct, respectively. For the porous wall interface, l eq is specified as 0.85R w ͑the Rayleigh end correction͒ and losses are neglected with R =0. The computational approach requires the interface equation in order to couple the primary and secondary ducts. However, in comparison to the analytical approach, the interface equation introduces an additional impedance in series with the lumped volume of the secondary duct. In essence, at each computational cell, the interface/volume combination is a small Helmholtz resonator attached to the main duct. For harmonic motion, the wall impedance due to this combination is found as
which, since k 0 l w Ӷ 1 and k 0 l eq Ӷ 1, reduces to the wall impedance given by Eq. ͑17͒.
D. Numerical implementation
The foregoing frequency-dependent friction, frequencydependent heat transfer, and porous wall models have been incorporated in the numerical approach of Chapman et al. 22 In the computational approach, the frequency-dependent models use four terms in the curve fit expression for W app Ј ͑t͒.
The curve fit expression is given by W app Ј ͑t͒ = 27.271e 
IV. RESULTS
In the following, results from the computational approach are compared to the analytical solutions of the low reduced frequency equations. The computational results ͑based on the circular capillary formulations of Sec. III͒ are compared to analytical solutions for both circular and square capillaries. Results are first presented for basic capillary propagation characteristics ͑attenuation rate, phase speed, and impedance͒. To more closely represent the behavior of a CC substrate, comparisons are then made for the acoustic reflection and transmission characteristics of a representative substrate placed within an anechoically terminated duct. For the results presented here, the dimensions of the capillaries are taken from a substrate with square capillaries having 400 cells/ in.
2 . Wall porosities and characteristic dimensions of the pores within the wall are based on the substrate measured by Arnott et al., though the length of the cell pores has been reduced somewhat to account for smaller wall thickness. The parameters for the substrate and fluid ͑air͒ are listed in Table II .
The general propagation characteristics of the substrate capillaries are presented in terms of the attenuation rate, normalized phase speed, and normalized impedance of a propagating wave. The attenuation rate is determined from the real part of the propagation constant as Attenuation Rate ͑dB/axial unit͒ = − 20 log 10 e −R͑⌫k 0 ͒ ,
͑52͒
where the "axial unit" is determined by the units of k 0 . The normalized phase speed ͑c P ͒ is obtained from the imaginary part of the propagation constant as
and the normalized characteristic impedance of the fluid is given by Eq. ͑17͒. Note that in Eqs. ͑53͒ and ͑17͒, the phase speed and characteristic impedance are normalized by the limiting case for inviscid, adiabatic wave propagation. Therefore, as viscothermal effects become negligible ͑s → ϱ͒, the normalized values will approach 1.
The comparisons for a substrate in a duct were performed to more closely represent the overall acoustic characteristics of an automotive CC substrate. The acoustic behavior of the substrate is characterized in terms of the reflection coefficient
and the transmission coefficient
where the subscripts re, inc, and tr denote reflected, incident, and transmitted components, respectively. The transmission and reflection coefficients can be determined from the substrate transfer matrix, which relates the acoustic variable across the substrate as
where the subscripts u and d denote upstream and downstream locations and
is the transfer matrix. The reflection and transmission coefficients can be determined from the transfer matrix components as 
where the downstream reflection coefficient R d is determined by the termination characteristics. For an anechoic termination, R d =0.
In addition to viscothermal propagation, the substrate will affect acoustic propagation due to the changes in crosssectional area at its inlet and outlet. The overall transfer matrix may be expressed as
where the contraction and expansion transfer matrices account for the area changes at the upstream and downstream ends of the substrate, respectively. The overall transfer matrix components can then be found as
where L s is the length of the substrate and ⍀ = A open / A total is the open area ratio of the substrate.
A. Capillary propagation characteristics
In this section, the computational results are compared to circular and square cross section analytical solutions for cases of: ͑a͒ nonporous adiabatic walls, ͑b͒ nonporous isothermal walls, and ͑c͒ porous isothermal walls. The substrate and fluid parameters are included in Table II. The attenuation rates for the different cases are shown in Fig. 3 . For all cases, the well-known behavior of dissipative attenuation becoming more significant as frequency increases is seen. All cases show a significant difference from the ideal case of adiabatic and inviscid propagation with attenuation rate of zero. As might be expected, differences in attenuation rate between the two cross-sectional shapes can be distinguished, but are relatively insignificant. The differences between the adiabatic ͑a͒ and isothermal ͑b͒ results show that changes due to wall heat transfer are significant. Differences in attenuation rate due to wall porosity ͓compare ͑b͒ and ͑c͔͒ are less significant. The computational model closely matches the circular capillary analytical solution ͑upon which the model is based͒ in all three cases. In case ͑a͒, slight deviations between the computations and the circular theory are noticeable, and are most likely due to the approximate method to determine WЈ͑t͒.
For the phase speed comparisons depicted in Fig. 4 , differences due to cross-sectional shape are nearly indistinguishable ͑the circular and square capillary analytical solutions generally overlay each other͒. In contrast to the attenuation rate, however, the effect of wall porosity is larger than that of wall heat transfer. Note that wall heat transfer and wall porosity both decrease the phase speed, so errors due to neglecting these two factors will compound. The computational results match the theoretical solutions well, though there is a small, but consistent overprediction of the phase speed at frequencies above approximately 500 Hz for all cases.
Figures 5 and 6 include the magnitude and argument of the normalized capillary impedance, respectively. Both the magnitude and argument of Z are relatively insensitive to cross-sectional shape. In general, findings for the magnitude of Z are similar to those for the phase speed: Porosity decreases ͉Z͉, while neglecting heat transfer increases it and, except at the lowest frequencies, the effects of porosity are somewhat greater than those of heat transfer. Findings for the argument of Z are similar to those for the attenuation rate. The effect of wall porosity is of small consequence. Changes due to wall heat transfer are significantly larger than those for wall porosity, but still moderate. For all cases considered in Figs. 5 and 6, the computational results closely match the theory.
B. Substrate transmission/reflection characteristics
In this section, analytical and computational results are compared for the transmission and reflection characteristics of a substrate ͑refer to Table II for dimensions͒ placed in an anechoically terminated duct ͑see Fig. 7͒ . This geometry is somewhat more representative of the actual behavior of a catalyst substrate since, in addition to the viscothermal wave propagation in the capillaries, the effects of reflections due to changes in cross-sectional area at the inlet and outlet are accounted for. Computational and analytical results are compared for the same cases considered in the preceding section. Figure 8 depicts the magnitude of the substrate reflection coefficient RC. Although viscothermal attenuation and wave reflections from the outlet of the substrate contribute to the reflection coefficient, its magnitude is mainly determined by the changes in cross-sectional area and characteristic impedance at the substrate inlet. Differences in ͉RC͉ between the different cases therefore correlate with changes in the characteristic impedance from Fig. 5 . The larger impedance of the adiabatic case ͑a͒ causes greater reflection at the inlet, while the reduction in impedance due to wall porosity ͑c͒ decreases the reflection coefficient. Differences between the model and two analytical solutions are nearly indistinguishable. However, at the lowest frequencies, the theory for the square capillary is slightly lower than the circular results ͑both model and theory͒ for all three cases. For the argument of the reflection coefficient ͑Fig. 9͒, the adiabatic ͑a͒ and isothermal ͑b͒ cases are quite similar at frequencies below approximately 750 Hz. Above this frequency, phase differences are more significant. The introduction of porous walls ͑c͒ causes larger phase changes that can be seen for the entire frequency range. Differences between the numerical approach and circular capillary theory are nearly indistinguishable, but small differences are again seen between the circular and square results.
Results for the magnitude of the transmission coefficient ͑TC͒ are given in Fig. 10 . For the most part, the results for ͉TC͉ reflect the findings for the attenuation rate in Fig. 3 . Porosity has a rather small effect on ͉TC͉, while the effects of heat transfer are substantial, particularly at the higher frequencies. For all cases, the computational approach matches the circular theory for ͉TC͉ very well. The theory for the square capillary is slightly higher than the circular results for the entire frequency range, with this difference increasing slightly at the lowest frequencies. For the argument of the transmission coefficient ͑Fig. 11͒, the effects of heat transfer are small, and the adiabatic and isothermal theory are rather close over nearly the entire frequency range. The porosity changes the phase of TC significantly, with the phase difference increasing with frequency. Differences between the numerical results and two theoretical solutions are, for the most part, indistinguishable over the entire frequency range ͑ap-parent differences near the 360°phase transition are due to lower frequency resolution of the computational results͒.
V. CONCLUSIONS
Models for frequency-dependent friction, frequencydependent heat transfer, and substrate wall porosity have been developed that are suitable for modeling catalytic converter substrates in one-dimensional time domain approaches for automotive exhaust systems. The computational models have been shown to correlate well with theoretical solutions for the propagation of sound in capillary tubes. The method employed in this study is based on circular capillaries, but may be applied to develop similar submodels for different capillary cross sections. However, comparisons between square and circular capillaries suggest that differences for most practical geometries will be slight. The comparisons also illustrate that effects due to viscous wall shear, wall heat transfer, and wall porosity are all potentially important. The relative importance of the viscothermal effects may be determined from theoretical considerations. The expected importance of wall porosity, however, is somewhat more uncertain, as data for the porosity parameters do not appear to be readily available. Finally, while the actual conditions in an automotive catalytic converter may deviate from the linear assumptions used to develop the models, it is expected that the models will be a substantial improvement from the typical wall shear and heat transfer coefficients based on steady laminar flow. More work is necessary, however, to address the actual conditions in an automotive exhaust system with mean flow, high-amplitude disturbances, large temperature gradients, and substrate temperatures that depend on numerous engine operating parameters.
APPENDIX A: COORDINATE SYSTEMS
The coordinate systems used for circular and rectangular capillaries are included in Fig. 12 . For both geometries, the axial coordinate is taken as x. For the circular capillary, the fluid motion is assumed to be axisymmetric. Velocities and vector operators for the circular geometry are therefore v = e x u + e r v, 
